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Abstract
We present an upper bound for |G| of a group G of even order possessing a unique conjugacy class of
involutions.
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1. Introduction
Let G be a finite group of even order and t an involution of G. Define C1 = {tg = g−1tg |
g ∈ G}, the conjugacy class of G containing t . If G has another conjugacy class C2 = {ug |
g ∈ G} of an involution u, then there is a very precise group order formula due to J.G. Thomp-
son [A]. Using the formula, we can obtain, among other things, a upper bound of the order |G|
of G possessing exactly two conjugacy classes C1,C2 of involutions:
|G| < ∣∣CG(t)∣∣∣∣C1 ∩CG(u)∣∣∣∣C2 ∩CG(u)∣∣+ ∣∣CG(u)∣∣∣∣C1 ∩ CG(t)∣∣∣∣C2 ∩CG(t)∣∣.
However, if C1 is the unique conjugacy class of involutions of G, then there has been no general
formula known for |G| (see Chapter 4 of Michler [M]).
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as Mathieu’s, Janko’s, Lyons’, or Thompson’s, have individually been computed successfully
with the given centralizer H = CG(t) of t in G.
In this note, we will present a upper bound for |G| of a group G of even order possessing a
unique conjugacy class of involutions. Unless otherwise stated, the finite group G in this note
will be assumed to be such a group, and we retain the notation of the involution t of G, the
conjugacy class C1 = {tg | g ∈ G} containing t , and the centralizer H = CG(t).
As shown in the works of Lyons [L] or Parrott [P], it is in practice possible to find all necessary
information concerning π -elements of G, where π is the set of prime divisors of G connected to
the prime 2 in the prime graph Γ (G) of G, and π -elements are those that have orders divisible
only by primes in a set of primes π .
The notion of the prime graph Γ (G) of a (general) finite group G will perhaps be well known,
but the vertex set is the set π(G) of prime divisors of |G|, and if p,q are two distinct primes
of π(G), then p and q are connected by an edge if G contains an element of order pq . This way
we can define the prime graph Γ (G) of G.
Let us give a few more definitions for our group G having the unique conjugacy class of
involutions. For g ∈ G, define C−G(g) = {h ∈ G | h−1gh = g−1}. Set
mπ = max
{|H |, ∣∣C1 ∩ C−G(g)∣∣ ∣∣ g ∈ Ωπ − {1}},
where Ωπ is the set of all π -elements of G. Since C±G(g) = C−G(g) ∪ CG(g) is a subgroup of G
containing CG(g) as a subgroup of index at most 2, we have |C1 ∩C−G(g)| |CG(g)|. Note also
C−G(t) = CG(t), since t−1 = t . Moreover, |C1 ∩ C−G(g)| = |CG(g)| if g = 1 is not an involution
but there is an involution t1 in C−G(g) that inverts every element of CG(g).
The following is our main result.
Theorem 1.1. Let G be a group of even order possessing a unique conjugacy class of involutions.
Let t be an involution of G and H = CG(t). Moreover, assume that the Sylow 2-subgroup of G
is not cyclic or (generalized ) quaternion. Then:
|G| < |H |3 +mπ |H |2,
where mπ = max{|H |, |C1 ∩ C−G(g)| | 1 = g is a π -element of G}, π is the connected compo-
nent of the prime graph of G containing 2, C1 = {tg = g−1tg | g ∈ G} and C−G(g) = {h ∈ G |
h−1gh = g−1}.
2. Applications
Before we begin the proof of our main theorem, let us show one application.
Theorem 2.1. Let G be a group of even order possessing a unique conjugacy class of involu-
tions, t an involution of G, H = CG(t), π the connected component of the prime graph of G
containing 2, and gπ be the π -part of |G|. Moreover, assume that the Sylow 2-subgroup of G is
not cyclic or (generalized ) quaternion. If |H |3 + mπ |H |2  g2π , then the order of G is uniquely
determined by the orders of the centralizers of π -elements of G and the number of conjugacy
classes of π -elements.
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be the conjugacy classes of G represented by π -elements and let ti be a representative of
the conjugacy class Ci . Then |Ωπ | = ∑ri=0 |Ci | ≡ 0 (mod gπ) by Frobenius’ theorem. On
the other hand, |Ωπ | = ∑ri=0 |G|/|CG(ti)| = 1 + gπ ′(∑ri=1 gπ/|CG(ti)|) since |CG(ti)| di-
vides gπ . Therefore, gπ ′ is uniquely determined modulo gπ by
∑r
i=1 gπ/|CG(ti)|. Now suppose|H |3 +mπ |H |2  g2π . Then by Theorem 1.1, we have |G| < g2π . Since |G|/gπ is uniquely deter-
mined modulo gπ , |G| is now uniquely determined. 
Example 1. G = Ly (Lyons’ simple group).
|G| = 28 · 37 · 56 · 7 · 11 · 31 · 37 · 67 5.2 × 1016: This is the target order and assume we do
not know this number.
We are given:
|H | = |2A11| = 28 · 34 · 52 · 7 · 11 4.0 × 107.
π = {2,3,5,7,11} and gπ = 28 · 37 · 56 · 7 · 11 6.7 × 1011: This is obtained in [L].
mπ = |H |: If |CG(g)| > |H | for a π -element g = 1, then g is an element of order 3
and CG(g) is an extension of Z3 by McLaughlin’s simple group McL. But |C1 ∩ C−G(g)| =
(3 · 2|McL|)/(2|M11|) = 340,200 < |H | for this g.
|G|/gπ ≡ 31 · 37 · 67 (mod gπ): This is obtained in [L].
We compute |H |3 +mπ |H |2 = 2|H |3  1.3×1023 while g2π  4.5×1023. Therefore, |H |3 +
mπ |H |2  g2π , and by Theorem 2.1 we conclude that |G| is uniquely determined. Hence |G| =
28 · 37 · 56 · 7 · 11 · 31 · 37 · 67 as shown in [L].
Example 2. G = Th (Thompson’s simple group).
|G| = 215 · 310 · 53 · 72 · 13 · 19 · 31 9.1 × 1016: This is the target order and we again assume
we do not know this number.
We are given:
|H | = ∣∣21+8A9∣∣= 215 · 34 · 5 · 7 9.3 × 107.
π = {2,3,5,7,13} and gπ = 215 ·310 ·53 ·72 ·13 1.5×1014 or 215 ·310 ·5 ·72 ·13 6.2×1012:
This is obtained in [P].
mπ = |H |: This is trivial since |CG(g)| |H | for every π -element g = 1.
|G|/gπ ≡ 19 · 31 (mod gπ) (gπ = 215 · 310 · 53 · 72 · 13 in this case) or |G|/gπ  1.2 × 1012
[P].
We compute |G| < |H |3 +mπ |H |2 = 2|H |3  1.6×1024 by Theorem 1.1. If |G|/gπ  1.2×
1012, then |G| 6.2 × 1012 × 1.2 × 1012  7.44 × 1024. This contradicts the statement above.
Therefore |G|/gπ ≡ 19 · 31 (mod gπ) with gπ = 215 · 310 · 53 · 72 · 13. We have g2π  2.3 × 1028
and so |H |3 + mπ |H |2  g2π . By Theorem 2.1, we conclude that |G| is uniquely determined.
Hence |G| = 215 · 310 · 53 · 72 · 13 · 19 · 31 as shown in [P].
3. Proof of Theorem 1.1
Let
G = C0 ∪C1 ∪C2 ∪ · · · ∪Cq
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so that C0 = {1}. The class C1 has already be chosen to contain the involution t = t1. For i  2,
let ti be a representative of the conjugacy class Ci . Assume that {C0,C1, . . . ,Cr} is the set of the
conjugacy classes of π -elements and Cr+1, . . . ,Cs is the conjugacy classes of non π -elements
that are inverted by involutions (i.e. strongly real classes). Let π1 be the set of prime divisors of
the all the orders of the elements in Cr+1 ∪ · · · ∪ Cs .
The following argument goes back to [BF]. Set Ci =∑g∈Ci g ∈ CG. We have:
C1 · C1 =
s∑
i=0
aiCi.
If i = 1, then it is easy to see
ai =
∣∣{(h, k) ∈ (C1,C1) ∣∣ hk = ti}∣∣= ∣∣C1 ∩C−G(ti)∣∣.
Since a0 = |C1|, a1 = |C1 ∩ H − {t}|, we have a0|C0| + a1|C1| = |C1| + |C1 ∩ H − {t}||C1| =
|C1 ∩H ||G/H | and so
( |G|
|H |
)2
= |C1 ∩ H | |G||H | +
s∑
i=2
∣∣C1 ∩C−G(ti)∣∣ |G||CG(ti)| .
Choose tα so that |C1 ∩ C−G(tα)| = max{|C1 ∩ C−G(ti)|, i = 1,2, . . . , s}. Then,
( |G|
|H |
)2

∣∣C1 ∩ C−G(tα)∣∣
s∑
i=1
|G|
|CG(ti)| <
∣∣C1 ∩C−G(tα)∣∣|G|
and so
|G| < ∣∣C1 ∩C−G(tα)∣∣|H |2.
Therefore, if tα is a π -element or |C1 ∩ C−G(tα)|  |H |, we have the desired results (even
stronger): |G| <mπ |H |2.
Therefore, for the balance of this note, we assume:
Hypothesis. tα is a π1-element and |C1 ∩ C−G(tα)| > |H |.
Obviously then |CG(tα)| > |H |. Furthermore, |CG(tα)| and |H | are coprime and so
|CG(tα)||H | is a factor of |G|. Hence |G| = a|CG(tα)||H | where a < |H |. In particular, if
(|CG(g)|, |CG(tα)||H |) = 1 for some element g of G, then |CG(g)| < |H |.
Set Bj = CG(tj ) where j = r + 1, . . . , s.
Lemma 3.1. The following holds for all j = r + 1, . . . , s:
(a) For g ∈ G, Bj ∩ Bgj = 1 holds if Bj = Bgj (i.e. Bj is so-called a trivial intersection sub-
group).
(b) Bj is an abelian Hall subgroup of G.
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(d) If |Bj | |H |, then Bj = Bα = CG(tα).
(e) If an element g of G is not a π -element and not conjugate in G to any element of Bα − {1},
then |CG(g)| < |H |.
Proof. The statements (a)–(c) are well known and perhaps first appeared in 1950’s in the works
of Brauer, Suzuki and others. We may assume that t inverts tj . Since t acts on Bj as a fixed
point free automorphism, t inverts all elements in Bj and so Bj is abelian. If 1 = h ∈ Bj , then
the same property holds for CG(h) and so CG(h) is also abelian. In particular, CG(h) = Bj
for all 1 = h ∈ Bj . Therefore Bj is a Hall-subgroup of G and a trivial intersection subgroup.
The statement (c) is an immediate consequence of these facts. As for (d), we know that tα is
a π1-element and |CG(tα)| > |H | holds. Therefore |Bα| > |H |. Now choose Bj ′ = Bα , then
|Bj ′ | is coprime to |Bα||H | and so |Bj ′ | < |H | by the remark made just before this lemma. This
proves (d). The claim (e) also follows from the same remark. 
Let π1 = π1,1 ∪ · · · ∪π1,k be the decomposition of the set of primes π1 ⊂ π(G) into the union
of connected components of Γ (G). Rearranging the indices j = r+1, . . . , s, we assume that tr+i
is a π1,i -element for i = 1, . . . , k. We note that if g is a π1,i -element, then CG(g) is conjugate in
G to CG(tr+i ).
Since (|NG(Bj )/Bj |, |Bj |) = 1, there is a subgroup Wj such that NG(Bj ) is a semidirect
product of Bj by Wj .
Lemma 3.2.
( |G|
|H |
)2
= |C1 ∩ H ||G||H | +
r∑
i=2
|C1 ∩ C−G(ti)||G|
|CG(ti)| +
r+k∑
j=r+1
(|Bj | − 1)|G|
|Wj | .
Proof. We know that Bj , where j ∈ {r + 1, r + 2, . . . , s}, is a trivial intersection subgroup of G
and so b and its conjugate g−1bg are both contained in Bj if and only if g ∈ NG(Bj ). Since Bj
is abelian, the conjugacy of elements of Bj in NG(Bj ) is determined by the elements of Wj .
Therefore, the number of conjugacy classes of G intersecting Bj − {1} nontrivially is equal to
(|Bj | − 1)/|Wj |. Moreover, since t inverts Bj = CG(tj ) and C1 ∩C−G(tj ) = tCG(tj ), we have
aj |Cj | =
∣∣C1 ∩C−G(tj )∣∣|Cj | = ∣∣CG(tj )∣∣ |G||CG(tj )| = |G|.
Since every π1-element of G is conjugate to an element of exactly one Bj , j ∈ {r +1, . . . , r +k},
we obtain the desired result. 
Set mj = |Bj |, wj = |Wj | and nj = (|Bj | − 1)/|Wj |. The next proposition is the key result.
Proposition 3.3. nj  |H | holds for all j = r + 1, . . . , s.
Theorem 1.1 is an easy consequence of this proposition and so let us first prove Theorem 1.1,
assuming that Proposition 3.3 is already shown to hold.
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j=r+1(|Bj | − 1) |G||Bj ||Wj | , we have
( |G|
|H |
)2
<mπ
(
|G| −
r+k∑
j=r+1
(|Bj | − 1) |G||Bj ||Wj |
)
+
r+k∑
j=r+1
|Bj | − 1
|Wj | |G|.
Therefore,
|G|
|H |2 <mπ − mπ
r+k∑
j=r+1
|Bj | − 1
|Bj ||Wj | +
r+k∑
j=r+1
|Bj | − 1
|Wj |
= mπ +
r+k∑
j=r+1
|Bj | − 1
|Wj |
(
1 − mπ|Bj |
)
mπ + |Bα| − 1|Wα|
(
1 − mπ|Bα|
) (
since 1 − mπ|Bj |  0 for j = α
)
mπ + |Bα| − 1|Wα|
mπ + |H | (by Proposition 3.3).
This is Theorem 1.1. 
Therefore, we need only to prove Proposition 3.3.
Proof of Proposition 3.3. If Proposition 3.3 does not hold for some j , then |Bj | =
nj |Wj | + 1 > |H |. Such a Bj is unique by Lemma 3.1 and Bj = Bα holds. There is a unique
j = α ∈ {r + 1, . . . , r + k} such that Bα = CG(tα). In order to simplify the notation, write
B = Bα , W = Wα and n = (|Bα|− 1)/|Wα|. We assume n > |H | and will obtain a contradiction.
Our main tool is the theory of exceptional characters associated with the Frobenius subgroup
N = NG(B) = BW .
Let Irr(B) = {1B = θ0, θji | i = 1, . . . , n, j = 1, . . . ,w} be the set of all irreducible characters
of B . Since B is abelian, every irreducible character of B is of degree 1 and | Irr(B)| = |B|
holds. We also use the fact that W acts fixed point free on B and so the set Irr(B) − 1B splits
into the orbits of length w = |W |. We can build all irreducible characters of N = BW from this
information. In fact, Irr(N) = Irr(N/B) ∪ {(θji )N | i = 1,2, . . . , n} where j is any fixed number
in {1,2, . . . ,w} and (θji )N is an induced character. Note that (θji )N does not depend on j . Let
θi = θ1i . Then,
∑w
j=1 θ
j
i = θNi |B and Irr(N) = Irr(N/B) ∪ {θNi | i = 1,2, . . . , n}.
By Suzuki [S], there exist exceptional characters χ1, . . . , χn of G associated with the Frobe-
nius subgroup N = BW . We note that n 2. The set {χ1, . . . , χn} satisfies the following condi-
tions:
(a) {χ1, . . . , χn} ⊂ Irr(G).
(b) χi(g) = χ1(g) ∈ Z for g /∈⋃g∈G g−1Bg − {1} and i = 1, . . . , n.
(c) θG − θG = (χi − χj ) for i, j = 1, . . . , n, where  = ±1.i j
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δk,i − δk,j = 〈χk,χi − χj 〉 = 
〈
χk, θ
G
i − θGj
〉= 〈χk|B, θi − θj 〉
by Frobenius reciprocity law, for j = k, we have 〈χk|B, θk − θj 〉 = . Therefore, the multiplicity
of θjk , j = 1,2, . . . ,w, in the decomposition of χk|B into the sum of irreducible characters of
B differs from the multiplicity of θis exactly by  for every i, j, k = s. Therefore, there exist
nonnegative integers λ0 and λ1 such that
χk|B = λ01B + 
w∑
i=1
θik + λ1
(
n∑
j=1
w∑
i=1
θij
)
.
Lemma 3.4. λ1 = 0 and  = 1.
Proof. Suppose λ1 = 0. Then, we have deg(χk) (|W | + |B| − 1) |B| − |W | − 1 = n|W | −
|W | = (n − 1)|W | |H ||W |, since we have assumed n > |H |. Therefore, we have
|G| >
n∑
k=1
χk(1)2  n
(|H ||W |)2 = |H |2|W |(|B| − 1).
On the other hand, since |G| < |C1 ∩ CG(tα)||H |2  |B||H |2, we conclude |W |(|B| − 1) <
|B|. But |W |  2, |B|  3, and so we reach a contradiction. That  = 1 is obvious since the
multiplicity of θik in χk|B must be nonnegative. Hence the lemma. 
By the last lemma, we have χk|B = λ01B +∑wi=1 θik and so
〈
χk, θ
G
j
〉= 〈χk|B, θj 〉 =
〈
λ01B +
w∑
i=1
θik, θj
〉
= δk,j .
That is, the irreducible decomposition of θGj possesses χj exactly once and none of χk for k = j .
Thus, there is a character φ such that
θGi = χi + φ,
and 〈φ,χj 〉 = 0 for j = 1, . . . , n.
By assumption of Theorem 1.1, a Sylow 2-subgroup P of G is not cyclic or (generalized)
quaternion. Therefore, P contains a Klein’s four subgroup (or equivalently the 2-rank of G is at
least 2). On the other hand, the complement W of the Frobenius subgroup N = BW is of 2-rank
1 and contains an involution in its center. Therefore, without loss of generality we may assume
W ⊂ H . But N = BW does not contain a Sylow 2-subgroup of G. In particular, |W | |H |/2.
This fact will be used in the proof of the next lemma and to obtain the final contradiction.
Lemma 3.5. degχi = |W | for all i = 1, . . . , n.
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and B . We note Ngi ∩ B = {1} for i = 1, . . . , p since B is a trivial intersection subgroup. Recall
the Mackey decomposition theorem applied in our case:
ξG
∣∣
B
= ξ |B +
p∑
i=1
(ξ |Ngi ∩B)B
for any character ξ of N . Therefore, we have
ξG
∣∣
B
= ξ |B + p · deg(ξ)ρB,
where ρB is a regular character of B .
Apply this formula for ξ = (1B)N and ξ = θNi to compute
〈
(1B)G − θGi , (1B)G − θGi
〉=
〈
w1B −
w∑
j=1
θ
j
i ,1B − θi
〉
= w + 1. (3.1)
Note here that deg((1B)N) = w = deg(θNi ) and so ((1B)G − θGi )|B = (1B)N |B − θNi |B .
Recall χk|B = λ01B +∑wi=1 θik (λ1 = 0 by Lemma 3.4). If λ0 = 0, then the irreducible decom-
position of (1B)G possesses 1G,χ1, . . . , χn with positive multiplicities but by the remark made
after the proof of Lemma 3.4, θGj does not contain any χi if i = j . Therefore, the irreducible de-
composition of 1GB − θGj possesses each of 1G,χi (i = j) with positive multiplicity. This implies
1+ (n−1) = n |W |+1 |H |/2+1 |H |, which contradicts our current hypothesis n > |H |.
Therefore λ0 = 0 and so χk|B = ∑wi=1 θik , which implies deg(χk) = |W | = w for all
k ∈ {1,2, . . . , n}. 
We now obtain the final contradiction to the assumption n > |H |. As observed above, the
value χi(g) is a rational integer and does not depend on i, provided that g ∈ G is not conjugate
to an element of B − {1}. In particular, if g = 1 is a 2-element, then
∣∣CG(g)∣∣= ∑
χ∈Irr(G)
χ(g)χ(g) >
n∑
i=1
χi(g)
2 = nχ1(g)2.
Since |CG(g)| |H | < n by assumption, we have χi(g) = 0 for every 2-element g = 1. There-
fore, if P is a Sylow 2-subgroup of G, then χi |P is a multiple of the regular character of P .
In particular, χi(1) is a multiple of |P |, which contradicts χi(1) = |W |, since |P | does not di-
vide |W |.
This completes the proof of Proposition 3.3 and hence Theorem 1.1. 
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